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Abstract
In this note, we develop a technique for the construction of nonseparable and compactly supported wavelet bases
of L2(R3). The wavelets constructed by this technique are dyadic. Also, we study some properties of these wavelet
bases such as accuracy order and regularity.
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1. Introduction
A 3-D orthonormal and dyadic wavelet basis is an orthonormal basis of L2(R3) given by a set of
functions {Ψ ij,k, i = 1, . . . , 7, j ∈ Z , k ∈ Z3}. Each functionΨ ij,k is generated by translation and dilation
of one mother wavelet function Ψ i according to the formula Ψ ij,k(x) = 2−3 j/2Ψ i(2− j x − k), x ∈ R3.
Moreover, for all f ∈ L2(R3),
f (x) =
7∑
i=1
∑
j∈Z ,k∈Z3
〈 f,Ψ ij,k〉Ψ ij,k(x), 〈 f,Ψ ij,k〉 =
∫
R3
f (x)Ψ ij,k(x) dx,
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where the equality holds in the L2 sense. Due to their promising contributions in a wide range of
applications from engineering and applied mathematics, there is a growing interest in the design of
multivariate compactly supported wavelets. Note that the design of nonseparable orthonormal wavelets
is still a challenging problem and only a few references have dealt with this subject; see [1–5]. This is
not the case for multivariate biorthogonal wavelets where many constructions have been given; to cite
but few, see [6–10]. In this note, we describe a method for the construction of 3-D orthonormal wavelet
bases. In Section 2, we construct a trivariate trigonometric polynomialH0(ω) called the low-pass wavelet
filter and satisfying H0(0, 0, 0) = 1 together with the orthogonality condition,
7∑
i=0
|H0(ω + ηi )|2 = 1, (1)
where ω = (ω1, ω2, ω3) and where the ηi are the different points of the set {0, π}3. In this case, a 3-D
compactly supported scaling function Φ(x) is given via its Fourier transform by Φ̂(ω) = ∏∞j=1H0( ω2 j ).
Next, we construct seven high-pass wavelet filters H j (ω1, ω2, ω3) satisfying the following set of
equations:
7∑
i=0
H j ((ω1, ω2, ω3) + ηi)H j ′((ω1, ω2, ω3) + ηi) = δ j j ′, 0 ≤ j, j ′ ≤ 7. (2)
The different mother wavelets Ψ i(·) are given via their Fourier transform by Ψ̂ i(ω) = Hi (ω2 )Φ̂(ω2 ). In
Section 3, we give some properties of the wavelets such as nonseparability, accuracy orders and regularity
estimates.
Notation. To alleviate notation, we let η0 = (0, 0, 0), η1 = (0, 0, π), η2 = (0, π, 0), η3 = (π, 0, 0),
η4 = (0, π, π), η5 = (π, 0, π), η6 = (π, π, 0), η7 = (π, π, π).
2. Design of 3-D orthonormal wavelet filters
Our construction of 3-D orthonormal wavelet bases starts with the construction of a trivariate
trigonometric polynomial H3(ω) satisfying the following orthonormality condition:
|H3|2(ω) + |H3|2(ω + η7) = 1, ∀ω ∈ R3. (3)
As shown by the following proposition, this construction is based on the use of unidimensional wavelet
filters of finite lengths.
Proposition 1. Let H1(ω) and G1(ω) = e−iω H1(ω + π) be a 1-D low-pass and high-pass wavelet filter,
respectively. If H3(ω) is the trivariate trigonometric polynomial defined by
H3(ω) = H2(2ω1, 2ω2)H2(ω2, ω3) + H2(2ω1 + π, 2ω2 + π)G2(ω2, ω3),
where H2(ω1, ω2) = H1(2ω1)H1(ω2)+ H1(2ω1+π)G1(ω2) and G2(ω2, ω3) = e−iω3 H2(ω2+π,ω3+π),
then H3(0, 0, 0) = 1 and H3(ω) is a solution of (3).
Proof. Since H1(0) = 1 and H1(π) = 0, it is clear that H2(0, 0) = 1, H2(π, π) = 0 and consequently
H3(0, 0, 0) = 1. To prove (3), we first check that[
H2(ω1, ω2) H2(ω1 + π,ω2 + π)
G2(ω1, ω2) G2(ω1 + π,ω2 + π)
]T [H2(ω1, ω2) H2(ω1 + π,ω2 + π)
G2(ω1, ω2) G2(ω1 + π,ω2 + π)
]
=
[
1 0
0 1
]
. (4)
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Straightforward computations with ω′ = (ω1, ω2) and π ′ = (π, π) give
|H2|2(ω′) + |H2|2(ω′ + π ′) = |H1|2(2ω1)
[|H1|2(ω2) + |H1|2(ω2 + π)]
+ |H1|2(2ω1 + π)
[|G1|2(ω2) + |G1|2(ω2 + π)]
+ H1(2ω1)H1(2ω1 + π)
[
H1(ω2)G1(ω2) + H1(ω2 + π)G1(ω2 + π)
]
+ H1(2ω1)H1(2ω1 + π)
[
H1(ω2)G1(ω2) + H1(ω2 + π)G1(ω2 + π)
]
= |H1|2(2ω1) + |H1|2(2ω1 + π) = 1.
Also, we remark that |G2|2(ω′) + |G2|2(ω′ + π ′) = |H2|2(ω′ + π ′) + |H2|2(ω′) = 1. Moreover, we have
H2(ω′)H2(ω′ + π ′) + G2(ω′)G2(ω′ + π ′) = H2(ω′)H2(ω′ + π ′) + eiπ H2(ω′)H2(ω′ + π ′) = 0.
Similarly H2(ω′)H2(ω′ + π ′) + G2(ω′)G2(ω′ + π ′) = 0, proving (4). To prove that H3(ω) is a solution
of (3), it suffices to use (4) with
|H3|2(ω) + |H3|2(ω + (π, π, π))
= |H2|2(2ω′)
[|H2|2(ω′) + |H2|2(ω′ + π ′)]+ |H2|2(2ω′ + π ′) [|G2|2(ω′) + |G2|2(ω′ + π ′)]
+ H2(2ω′)H2(2ω′ + π ′)
[
(H2 · G2)(ω′) + (H2 · G2)(ω′ + π ′)
]
+ H2(2ω′)H2(2ω′ + π ′)
[
(H2 · G2)(ω′) + (H2 · G2)(ω′ + π ′)
]
= |H2|2(2ω′) · 1 + |H2|2(2ω′ + π ′) · 1 + 0 + 0 = 1. 
Once H3(ω) has been constructed, we define six trivariate trigonometric polynomials by:
P0(ω) = H3(ω), P1(ω) = H3(ω1 − ω2, ω1 + ω2, ω2 + ω3),
P2(ω) = H3(ω1 + ω3, ω1 − ω3, ω1 + 2ω2 + ω3),
Q0(ω) = e−iω3 P0(ω + η7), Q1(ω) = e−i(ω2+ω3)P1(ω + η2), Q2(ω) = e−i(ω1+2ω2+ω3) P2(ω + η1).
With these notations, the low-pass and high-pass 3-D dyadic orthonormal wavelet filters that solve (2)
are given by the following theorem.
Theorem 1. For k = 0, . . . , 7, let Hk(ω) be the trivariate trigonometric polynomial given by
Hk(ω) =
2∏
j=0
[
kj Pj (ω) + (1 − kj )Q j (ω)
]
,
where (k0, k1 , k2) are the different points of the set {0, 1}3 with (00, 01 , 02) = (1, 1, 1). Then
H0(0, 0, 0) = 1 and Hk, k = 0, . . . , 7 solve (2).
Proof. Since H3(0, 0, 0) = 1, then it is clear that H0(0, 0, 0) = 1. Next, we prove that ∑7i=0 |H0(ω +
ηi) = 1. Since |P1|2(ω + ηi) = |P1|2(ω + η7−i) and |P2|2(ω + ηi) = |P2|2(ω + η7−i ), then
7∑
i=1
|H0|2(ω + ηi )=
3∑
i=0
[|P0|2(ω + ηi) + |P0|2(ω + η7−i )] 2∏
j=1
|Pj |2(ω + ηi )
=
3∑
i=0
1 ·
2∏
j=1
|Pj |2(ω + ηi ).
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For i = 0, 1, we have |P2|2(ω + ηi) = |P2|2(ω + η2+i), and then
3∑
i=0
1 ·
2∏
j=1
|Pj |2(ω + ηi) =
1∑
i=0
[|P1|2(ω + ηi) + |P1|2(ω + η2+i)] |P2|2(ω + ηi)
=
1∑
i=0
1 · |P2|2(ω + ηi) = |P2|2(ω) + |P2|2(ω + (0, 0, π))
= |H3|2(ω1 + ω3, ω1 − ω3, ω1 + 2ω2 + ω3)
+ |H3|2(ω1 + ω3 + π,ω1 − ω3 + π,ω1 + 2ω2 + ω3 + π) = 1.
Similarly, one can easily check that
∑7
i=0Hk(ω + ηi )Hk(ω + ηi) = 1. Next, we prove that if k 	= k ′,
then
∑7
i=0Hk(ω + ηi)Hk′(ω + ηi) = 0. Since k 	= k ′, then there exists an integer 0 ≤ l ≤ 2, such that
kj = k′j ∀0 ≤ j ≤ l − 1 and kl 	= k′l . For simplicity, we may assume that kl = 1 and k′l = 0. The cases
l = 0, 1, 2 have to be studied separately. For l = 0, the previous factorization technique yields
7∑
i=0
Hk(ω + ηi)Hk′(ω + ηi) =
3∑
i=0
[
P0(ω + ηi )Q0(ω + ηi) + P0(ω + η7−i)Q0(ω + η7−i)
]
×
2∏
j=1
[
kj Pj (ω + ηi) + (1 − kj )Q j (ω + ηi)
] [
k
′
j Pj (ω + ηi) + (1 − k
′
j )Q j (ω + ηi)
]
=
3∑
i=0
0 ·
2∏
j=1
[
kj Pj (ω + ηi) + (1 − kj )Q j (ω + ηi)
]
×
[
k
′
j Pj (ω + ηi) + (1 − k
′
j )Q j (ω + ηi)
]
= 0.
For l = 1, straightforward computations show that
7∑
i=0
Hk(ω + ηi)Hk′(ω + ηi)
=
3∑
i=0
[
P1(ω + ηi)Q1(ω + ηi)
] · [k2 P2(ω + ηi ) + (1 − k2)Q2(ω + ηi)]
×
[
k
′
2 P2(ω + ηi ) + (1 − k
′
2 )Q2(ω + ηi)
]
=
1∑
i=0
[
P1(ω + ηi)Q1(ω + ηi) + P1(ω + η2+i)Q1(ω + η2+i )
]
× [k2 P2(ω + ηi) + (1 − k2)Q2(ω + ηi)] [k′2 P2(ω + ηi) + (1 − k′2 )Q2(ω + ηi )]
=
1∑
i=0
0 · [k2 P2(ω + ηi) + (1 − k2)Q2(ω + ηi )] [k′2 P2(ω + ηi) + (1 − k′2 )Q2(ω + ηi)] = 0.
Finally, for l = 2, it is easy to check that
7∑
i=0
Hk(ω + ηi)Hk′(ω + ηi) = P2(ω + η0)Q2(ω + η0) + P2(ω + η1)Q2(ω + η1)
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= H3(ω1 + ω3, ω1 − ω3, ω1 + 2ω2 + ω3)ei(ω1+2ω2+ω3)
× H3((ω1 + ω3, ω1 − ω3, ω1 + 2ω2 + ω3) + η7)
− H3((ω1 + ω3, ω1 − ω3, ω1 + 2ω2 + ω3) + η7)ei(ω1+2ω2+ω3)
× H3(ω1 + ω3, ω1 − ω3, ω1 + 2ω2 + ω3) = 0.
Collecting everything together, one concludes that the setHk(ω), k = 0, . . . , 7 is a solution of (2). 
Since H0(ω) is a trigonometric polynomial satisfying the orthogonality condition as well as the
condition H0(0, 0, 0) = 1, then H0(ω) is a candidate for generating a compactly supported scaling
function Φ(x) and a wavelet basis of L2(R3).
3. Properties of the constructed 3-D wavelet bases
The first two properties of our 3-D orthonormal wavelet bases are related to the stability and the
Sobolev as well as Hölder regularity of the wavelets. It is well known (see [11]) that H0(ω) generates an
orthonormal wavelet basis of L2(R3) if
0 < c1 ≤
∑
k∈Z3
|Φ̂(ω + 2πk)|2 ≤ c2, with Φ̂(ω) =
∏
j=1
H0
( ω
2 j
)
.
The transition operator technique in [11] was applied in [2] to test the stability and regularity of the
designed multivariate wavelet bases by finding the spectral radius of a matrix. This method can be
applied for our proposed 3-D wavelet bases and it is described as follows. From |H0|2(ω1, ω2, ω3) =∑M
m1,m2,m3=−M βm1,m2,m3 cos[
∑3
i=1 miωi ], we define a matrix B via its action on the set {Uk =
cos[∑3i=1 kiωi], k = (k1, k2, k3) ∈ supp|H0|2} by
B(Uk) = 4
∑
l,k,l+2k∈supp|H0|2
βl+2k[Ul+2k + Ul].
It is well known [11] that, if 1 is a simple eigenvalue of B and all other eigenvalues lie inside the unit
circle, then H0 generates a stable orthonormal wavelet basis of L2(R3). Moreover, if |λ| denotes the
spectral radius of B, then the 3-D scaling function generated from H0 as well as the wavelets Ψ i belong
to the Sobolev space H s(R3) for s < − log(|λ|)2 log(2) and to the Hölder space Cα(R3) for α < s − 32 . Our 3-D
wavelet basis is nonseparable, in the sense that the mother scaling function and mother wavelets cannot
be written as tensor products of 1-D scaling functions and 1-D wavelets. This last property is ensured
whenever H0(ω) cannot be written in the form H0(ω) = ∏ki=1 mi(ai1ω1 + ai2ω2 + ai3ω3), for some
integer 1 ≤ k ≤ 3, 1-D wavelet filters mi(·) and (ai1, ai2, ai3) ∈ Z3. In the proof of Proposition 4 of [2],
it is shown that H2(ω1, ω2) of Proposition 1 is nonseparable. A similar proof can be used to show that
H3(ω) of Proposition 1 and H0(ω) are also nonseparable.
The last property of our 3-D orthonormal wavelets is their accuracy order or equivalently the
polynomial reproduction by the translates of the scaling function Φ(x); see [12]. Note that this accuracy
order is equal to the multiplicity of the points ηi ∈ {0, π}3 \ (0, 0, 0) as zeros of H0(ω). The following
3-D special case of Theorem 1 of [2] shows that the accuracy order of the constructed 3-D orthonormal
wavelet basis can be deduced directly from the generating 1-D low-pass wavelet filter H1(ω) given in
Proposition 1. For proof, see [2].
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Theorem 2. If the 1-D wavelet filter H1(ω) of Proposition 1 has a zero of multiplicity N at π , thenH0(ω)
satisfies the following Strang–Fix condition:
∂m1+m2+m3
∂ω
m1
1 ∂ω
m2
2 ∂ω
m3
3
H0(ηi) = 0, ∀ ηi ∈ {0, π}3 \ {(0, 0, 0)} and 0 ≤ m1, m2, m3 ≤ N − 1. (5)
Remarks. (1) The result of Proposition 1 still holds if the two-band filters H2(ω1, ω2) and
H3(ω1, ω2, ω3) are replaced respectively by H˜2(ω1, ω2) = H1(ω1−ω2)H1(ω2)+H1(ω1−ω2+π)G1(ω2),
H˜3(ω1, ω2, ω3)= H˜2(ω1 − ω2, ω2 − ω1)H˜2(ω2, ω3)
+ H˜2(ω1 − ω2 + π,ω2 − ω1 + π)G˜2(ω2, ω3).
The support of the scaling function φ˜2 generated by H˜2 is given by [0, M]× [−M − 1, M], where M + 1
is the length of the 1-D filter H1(ω). Similarly, φ˜3 has support in [−M, 3M + 1] × [−4M − 2, 2M] ×
[−2M − 1, 2M]. Note that the support of φ2 generated from H2(ω1, ω2) is [0, 2M] × [−M − 1, M], and
the support of φ3 is [0, 4M] × [−4M − 2, 4M] × [−M − 1, M].
(2) Any bidimensional two-band filter H2(ω1, ω2) of Proposition 1, generated from the 1-D
Daubechies scaling filter H1(ω), generates orthonormal wavelet bases of L2(R2) with the quincunx
dilation matrix. In fact, in the proof of proposition 7 in [8], it is shown that if |H1(ω)|2 is one-to-one
on [0, π ], then H2(ω1, ω2) generates stable orthonormal wavelet bases associated with the quincunx
dilation matrix. Daubechies filters are all one-to-one from the integral representation
|H1(ω)|2 = N22N−1
(
2N − 1
N
)∫ cos ω
−1
(1 − t2)N−1 dt.
(3) The 3-D two-band scaling filters H3(ω1, ω2, ω3) of Proposition 1 are candidates for generating
orthonormal wavelet bases of L2(R3) with the dilation matrix D =
[
1 0 −1
1 1 0
1 0 1
]
.
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